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Proton-proton pair distribution in dense fluid hydrogen
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Recent experiments on hydrogen at very high pressures have stimulated new quantum statistical studies of
this simplest Coulomb system since a transition from nonconducting to metallic behavior occurs at Mbar
pressures which is forced by drastic changes of the electronic and structural properties in the molecular system
with increasing density. The variation of the thermodynamic and structural properties as a function of the
density and temperature can be studied within molecular dynamics and Monte Carlo simulations as well as
within analytical approaches such as integral equation techniques. In the region where hydrogen molecules still
dominate the physical behavior, the proton-proton pair distribution function is determined both from a modi-
fied hypernetted chain approximation which starts with effective intermolecular and interatomic potentials in
the neutral system, and a wave-packet molecular dynamics simulation with the Coulomb interaction between
protons and electrons as the basic interaction. Comparison of both complementary approaches gives hints for
the validity region of the chemical picture as well as for the accuracy of computer simulations.
[S1063-651%98)13505-3
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[. INTRODUCTION The Wigner-Seitz radiua is related to the density of the
system by
The study of matter at high densities is of fundamental
interest for a better understanding of the equation of state
(EOS. and related phenomena. such as phase transmongb that distances can be scaled in terms of the Bohr radius
Drastic changes of the electronic properties such as metallla—1 —0.529¢10-19 m viar.—a/a. . Eurthermore. the degen-
zation may occur together with a strong variation of the®® > s B ' ge
structure with the density. For instance, metallization of fluid® Ay parameter
hydrogen has been verified experimentally at 140 GPa O =kgT/Eg 3)
around a relatively low temperature of 3000 K using multiple
shocks[1]. Dissociation of hydrogen molecules has beencan be introduced whergg=#2(372n)?%2m is the Fermi
found to be important already at these conditip2S]. energy andn the electron mass. Strongly degenerate systems
Laser driven shock wave experiments have been pem® <=1 at weak couplind’<1 can be handled by the Vlasov
formed using both direct and indirect illumination of solid equation for fermiong8]. In the strong coupling regimg
targetd4]. Single shock experiments have compressed liquid=1, classical molecular dynamid$/D) computer simula-
deuterium up to pressures of 250 GPa and temperatures @bns can account for all sorts of correlatioi®§. However,
about 30 10° K [5]. The corresponding equation of state the wave nature of the electrons has to be taken into account
follows estimates of RosE2] within a dissociation model, in addition.
but disagrees with rather approximate results such as the In this paper we want to discuss a quantum regime with
SESAME tables above 25 GRPal]. ©=0.014-0.034 at moderately strong coupling =32
For a better understanding of matter at high pressures, itis-79. The protons and electrons become strongly correlated
necessary to elaborate a quantum statistical approach up terough the Coulomb interactions and bound atomic and mo-
densities where, e.g., the above-mentioned metallizatiofecular states are formed. We will focus our attention on the
transition occurs in hydrogen. This can be done for stronglyproton-proton pair distribution functiog,,(r) which gives
coupled plasmas using, e.g., the Green function mefpd the probability to find two protons at a distance Quite
There, perturbation theory is used to evaluate the equation @fenerally, the pressune of a system at given temperature
state. For practical applications, interpolation formulas carand density, i.e., the EOS, can be calculated from the inter-
be given which are valid for a large domain of the density-particle potentials and the pair distribution functida$). If,
temperature plang¢7]. However, only approximate results however, the latter are extracted from numerical data ob-
are available for the region of strong coupling where thetained in simulations, the unavoidable statistical fluctuations
interparticle potential energy is larger than the typical kineticyield rather unprecise results for the pressure. Fortunately,
energy, I.€., there exists a fundamental method for obtaining the inner
energy which is independent from any assumptions on the
chemical composition (H,f...) or thephysical structure
(neutral or ionized, metallic or dielectric, etof the system.
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For many-particle systems with Coulomb interaction, the ty ty .
virial theorem is strictly valid and yields the EOS directly via 5f dy(Wlio| V)= 5J' dy(W[H|W) 5
p= (n/3) (K+E) [11]. HereK and E are the kinetic and 0 E
total energy, respectively, andis the number density.

In the regime considered here, most electrons are bou
in molecular states. This calls for a quantum mechanical d
scription of coupled electron-ion systems, e.g., the path
integral Monte Carlo metho¢PIMC) [12] or ionic MD on

art, consisting of a Hamilton function for the kinetic energy
g')f the ions and their mutual Coulomb interactions, and a
guantum mechanical operator for the kinetic energy of the

lectronic B 0 hei fadds8,14. Th electrons, their mutual interactions, and their interactions
electronic born-Uppenneimer surfa L4, TNESE POW- ity the ions. In order to make the system of equatighs

erful techniques allow detailed calculations, which ate  _ (5) tractable, the electron wave functioh is param-

initio in the sense that the true 'Coulomb mteracpon IS M- i-ad as a set of Gaussian wave packets, i.e..
ployed. On the other hand they involve compromises result-

N

IT ¢i(x, ,t)>, 6)

ing mainly from exchange, e.g., the nodes of the density
i=

j‘g?r the electrons. The HamiltoniaH contains a classical

matrix have been taken from a noninteracting system in Ref. W(Xqg,... XN D =A
[12]. This is certainly doubtful in the molecular phase. More-
over they are numerically very expensive so that typically ith
only samples with 32 electrons can be treated at present. wi
Here, we employ an efficient quantum mechanical simu- 3 |34
(ZWﬁ) ex’{

lation scheme, the wave-packet molecular dynamicsey(X)=
(WPMD) [15]. The technical simplifications of this method @)
permit much larger samples, e.g., 2048 electrons in this

work. This allows a more detailed study of structures on aqere, q=1{a,}=(pg,B,p,r) is a set of variational param-
larger scale. The WPMD was developed for simulations ofeters. Whilep andr are the classically conjugate parameters
dense two-component plasmas where quantum effects playfgr the position of the wave packep, and 8 describe the
crucial role to guarantee the stability of the sys{ei®,17. It evolution of its width. The antisymmetrization operator is
is intended as an extension of classical MD with just thedenoted byA.

necessary effort to include the essential quantum effects. The With the ansat6) and (7), the dynamics of the electron

Qvave function is reduced to a pseudoclassical Hamiltonian

function by a Gaussian wave packet, whose position, mo('jynamics for the parameteqs Application of the variational

mentum, an(_:i complex width are the free er)amlcal paramg)rinciple (5) to the parametrized wave functiof®) yields
eters. The time-dependent variational principle leads to

pseudo-Hamiltonian propagation. As a further approxima- i .

tion, antisymmetrization is expanded into a hierarchy of ex- 2 N,,0,=dq (Y[H[P), (8)
changes, which is cut at the level of pairwise exchange. This a

approximation is justified for temperatures down to one-tentiyyhich differs from the conventional Hamiltonian equations
of the Fermi temperature if the electrons are delocalized. Ihy the occurrence of the norm overlap

holds for even lower temperatures if the electrons are local-

ized in molecular orbits. However, the numerical accuracy of N,,=i(V|d dg —dq dq | ). (9)
this method has to be checked in the low-density limit. Our i BRI

aim i_s to. compare both analytical and numerical qpproacheﬁ is one of the advantages of the Gaussian ar@that the
considering regions where these models are applicable.  orm overlap takes the classical symplectic form

3 5
Eﬂpﬁ (X=r)e=ip-(x=r)].

Il. WAVE-PACKET MOLECULAR DYNAMICS N,,.=
SIMULATIONS

The WPMD was originally used by Heller for a descrip- if the antisymmetrization in Eq6) is neglected, i.e., in the
tion of the scattering of composite particles like simple at-Hartree limit. The solution of Eq(8) requires the inversion
oms and moleculeEL5]; later it was also applied to heavy Of the norm overlap at every time step. In order to limit the
ion reactiong 18]. In the present application to a Coulomb numerical expense, the antisymmetrization is restricted to
system of electrons and protons, we characterize the state Byo-particle exchanges which give a correctioN to the
the system by the séR,(t),P,(t),¥(x ,t)} of classical co- horm. The correction to the inverse is also calculated up to
ordinatesR,(t) and moment#,(t) for the protons and quan- the second order in the exchanges. This approximation is
tum mechanical wave functio® (x;,t) for the electrons. Justified for the treatment of delocalized electron states at
The dynamics of the system is governed by the classicdemperatures down to about one-tenth of the Fermi tempera-
equations of motion ture T¢. It holds at even lower temperatures for localized

states as they are realized, e.g., in molecular hydrogen.
Of course computer simulations, while beialy initio in
Rl(t)zapl(\lf||3||\1r>, Pl(t):—aRl(\If||3||\1r> (4)  spirit involve certain simplifying prejudices in practice. In
the WPMD, antisymmetrization is limited to pairwise ex-
change while assumptions about the nodes of the density
for the protons and the principle of stationary action matrix must be made in the PIMC method. In the chemical

0 1)
1 0 (10
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picture, on the other hand, it is a difficult task to account forVHHz(r) are derived from the Berthelot mixing rule which
the change of the properties of the constituents due to th&ive58/k5=27.0 K, a=12.0, andr* =4.56% .

surrounding medium. In fact the usual strategy of kinetic™ 14 fractiong of dissociated molecules is determined by

theory, namely, expansion of the equations of motion intqpe correlation contributions to the chemical potential ac-
subdynamics involving 2,3, . ,N-particle correlations, may cording to

not be very successful in plasma applications because of the

infinite range of the Coulomb force. n2A3

H .
Ny, = 3 o™ exd (—Dy+ ,uCHOZr— 2N /kgT],
Ill. DISSOCIATION MODEL

An alternative approach to study the behavior of hydrogen im:kB_T 1— exp( _ hﬂ) !
at low to medium pressures is given by the chemical picture. hcB kgT
Hydrogen is considered as a mixture consisting gfnhkbl-
ecules, H atoms, and possibly of protons and electrondo=—4.735 eV is the dissociation energy of isolated H
These components interact via effective potentials. Furthernolecules and_\ﬁ=2wh2/(mHkBT) the thermal wavelength
more, chemical reactions such as dissociation and ionizationf H atoms.c™ denotes the internal partition function of
are possible so that the composition of the system is given byibrational and rotational states witB=60.853 cm?* and
the chemical equilibrium. As is well known, this simple w=4401 cm! as the characteristic rotational and vibra-
chemical picture breaks down at high densities. Modificational constants of the fimolecule[22]; c is the speed of
tions of the constituents and their interactions can be treatelight. These parameters are, in principle, also density depen-
in a systematic way using the technique of Green functionslent.
[6]. We will restrict our considerations to the region where We have calculated the correlation parts of the chemical
these medium modifications are small. Furthermore, we corpotentials viau®'=(dF7oN)t. The correlation parts of
sider low temperatures so that thermal ionization can be nehe free energy are derived using fluid variational theory
glected. In general, we have then to allow only for the pres{FVT) of Ross, Ree, and Your{d 9] for the pure molecular
sure dissociation of hydrogen molecules into atoms via thend atomic system using the pair potentid$); for details,
chemical equilibrium B=H+H. see[3]. There we have shown that FVT gives results for the

Within such a dissociation model, we take dense fluidequation of state of hydrogen which agree with those ob-
hydrogen to be a mixture of molecules and atoms with cortained within the modified hypernetted chaiHNC) ap-
responding partial densities;, andny, respectively, and a proximation and classical Monte CanMC) simulations up

dissociation degre@=n/(ny+2n,.). The molecules and t0 the metallization pressure of 140 GPa. The correlation
2

atoms interact via effective two-body potentials which ap-goﬂ?{i'gﬁgr%nzt'?“Er?(lri)szﬁensm negligible for the chemical
proximate the effects of the real many-body interactions. q gh pres N . .
In the present chemical picture we can define three pair

These interactions are given by empirical expressions which,. . =~ .
in principle, can be derived from atomic quantum calcula-3iStbution functionsgy,. Gy, andgyy . They can be
tions. Ross, Ree, and Youlig9] use data from single shock derived using computer simulation techniques or analytical
experiments up to pressures of 10 GPa to model such aiethods. In the MHNC schen@3], the Ornstein-Zernike
effective two-body potential between hydrogen molecules€quation for a two-component system with spediesg}
They propose both a highly accurate 15-parameter potentiaf {H,Hz}

and a more approximate three-paramd@xponential-six

potential of the form haﬁ(r)zcaﬁ(r)—’_zv nyf cw(lr—r’l)hvﬁ(r’)d3r’,
r* 6 (13)
-2,

has to be solved together with the closure relation for the pair
11 distribution functions,

(12

€ r
VHZHZ(r): m [6 ex;{a< 1- r—*)

wheree/kg=36.4 K, =11.1, andr* =6.4825. In order MHNC V() s

to avoid unphysical behavior in the limit of short distances  Jag ()= €Xg Nap(r) —Cap(r) = KeT +Bap(r)|-
r—0, we replace the potential by an exponential function for (14)
r<2.9%g, the inflection point, with parameters set to en-

sure continuity of the potentiglLl). h.s(r)=0,p(r)—1 is the total correlation functiorg,s(r)

Unfortunately, no similar experimental results exist to fit the direct correlation function, ar™ the bridge function
the other interaction potentiay(r) and VHHZ(r). Ree of the hard-sphere reference system.

[20] has suggested a potential of the fotiri) also for the ~ Classical MC simulations have been performed for the
interaction between hydrogen atomé,,(r), with the pa-  Mixture of hydrogen molecules and atoms with dissociation
rameterse/kg=20.0 K, «=13.0, andr* =2.64@5. This degrees [3], and three dlffergnt pair distribution fu_nct|0n§

potential yields a minimum energy for close-packed mono9xH: Guh,. andgy , are derived using the respective pair

atomic hydrogen solid near 2.4 émol H,, in very good potentials(11). For low temperatures and densities, the dis-
agreement with results from the local density approximatiorsociation degree is small. For instance, at temperaturg of

[21]. The parameters for the atom-molecule potential=2000 K and amass density op=0.33 g/cni, we have
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found a dissociation degree of 0.07%. Therefore the molecu-
lar pair distribution function is clearly dominant.

In order to extract the proton-proton pair distribution 6
function g,,, from the molecule-molecule, molecule-atom,
and atom-atom distribution functions, we need to determine
the proton distribution in the Hmolecule. For isolated mol-
ecules in the singlet state, this distribution is very well ,:4
known from the Kolos-Wolniewicz solution of the Schro 2
dinger equatiorf24]. For a first qualitative evaluation, we >
neglect in-medium corrections to the molecular structure in
Eg. (12) such as the vibron shif25,26 or a variation of the 2
binding length of 1.404;. The vibrational and rotational
spectrum of the Kl molecule is then derived by standard
techniques. The probability of finding a proton at a distance
r from another proton in the fmolecule at a temperatufie 0 Seosnded
is given by the eigenfunctiong; and eigenvalueg; for the
singlet potential via

FIG. 1. Proton-proton pair distribution function @t=2000 K

2 _ and ¢=0.33 g/cni. The WPMD result(data points is compared
i(r)]c ex E;/kgT
H Z |17 expl ~E keT) with the dissociation modeffull line). The dashedWPMD) and
ng(r)= . (15 thin line (dissociation modglindicate the respective coordination
2 exp(—E; /kgT) numbers calculated dé=4mnfg(r)r2dr.

I

the degree of dissociation calculated within the dissociation
fhodel is 0.07%. The proton-proton pair distribution function
shows a strong first peak at the bond length of thartel-
ecule at 1.45. The second, broader peak arounda4.3s
due to the next-neighbor molecules. The contributions of the
other partial pair distribution functiongyy andgHH2 to gpp

0a{ccording to Eq(16) are small in correspondence to the low
degree of dissociation. The sharp minimum arouagd 2an

The ground and first excited state have been taken into a
count for the evaluation of Eq15) which is sufficient for
the low temperatures considered here.

Recalling that the total number of protons is given by
Np=nK+2ny,, the explicit proton-proton distribution func-

tion is given by four terms representing the possible cases
finding a neighboring proton:

2ny, ] na Eedconsidere((jj as a;]n indicatig_n_for th(?_r:nol_ecular st(rjucture of
— 2 ydrogen under these conditions. The integrated proton-
9ol —ns—wpp(r)+ Fﬁg””(r) proton pair distribution function shows that the first peak
4 contains one proton which is just the bond partner in the H
N NHNH, f P29 g (1—52) molecule.
nfp ppt S GHH, The data points in Fig. 1 are the results of WPMD simu-
5 lations. The correlation function was calculated for each par-
4ny, H H ticle in the simulation box. The error bars were obtained
+ Y f dsslf d332Wp,2)(S1)Wpf,(52) from averaging over all particles, their length representing
P the mean error of the mean value. The WPMD yields both a
X Oup(r—s1/2—,/2). (16) more pronounced intramolecular correlation, as well as a
22

sharper intermolecular structure than the dissociation model.

The first term describes the internal proton-proton distribu- Results at the same mass dengity 0.33 g cm® but at a

tion in the H, molecule and the second one the proton-protorhigher temperature of = 5000 K are shown in Fig. 2. There,
distribution for the H-H interaction. The third term repre- the dissociation degree amounts already to 5.9%. The disso-
sents the H-H distribution, and the fourth one the,Ht,  Ciated H atoms contribute to the flattening of the minimum

contribution. The convolution integrals in EQ6) are evalu- Near Ag in comparison to Fig. 1. The same behavior is also
ated in Fourier space. obtained from the WPMD simulation. Furthermore, we com-

pare in Fig. 2 with results of PIM(27,28 and tight-binding
molecular dynamic§TBMD) simulations[29,3Q for the
same conditions. Compared with the WPMD simulation, the
proton-proton pair distribution function derived from PIMC
We have evaluated the proton-proton pair distributionsimulations is sharper peaked. The maximum of the first
function using the methods described in Secs. Il and Il forpeak occurs at a smaller value than the proton-proton dis-
different values of temperature and density. First, we discustance in the isolated Hmolecule. On the other hand, the
the low-density low-temperature region where the dissociaproton-proton pair distribution function derived from the
tion model is well founded. TBMD simulation is less structured than the WPMD result.
In Fig. 1, results are shown for=2000 K and a mass At larger distances, a good agreement with the distribution
density of 9=0.33 g cm > which corresponds to a proton function resulting from the dissociation model can be stated.
number density ofi,=2x 10?7 cm™3. For these conditions, Comparing the dissociation model and the WPMD simu-

IV. RESULTS FOR THE PROTON-PROTON PAIR
DISTRIBUTION FUNCTION
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questionable if the temperature is lowered into a region
\ i where bound molecules dominate as considered here. There-
% fore an extension of that method to lower temperatures

i would be highly desirable.

We also note that the PIMC simulations are presently car-
ried out with 32 electrons whereas the WPMD simulation are
performed with 2048 electrons corresponding to a cube with
fourfold edge length. A larger set of particles is essential at
low temperatures where long-range and long-time correla-
tions are built up. AfT=300 K andr,=1.78, for example,
the correlation functions obtained from the WPMD6]
agree quite well with those from a Car-Parrinello calculation
[13] in a smaller simulation cube of the latter, but shows,
however, beyond that size another peak aroundg/ib the

r/ag proton-proton pair distribution function which is due to the
correlations of next-nearest neighbors. It is expected that a

FIG. 2. Proton-proton pair distribution function a=5000 K  better coincidence of both simulation methods is achieved
and ¢ =0.33 g/cni. We compare the present WPMD res(diata  systematically with increasing temperatures.
pointg and the dissociation modéull line) with the PIMC simu-
lations of Magroet al. [28] (dotted ling and the TBMD results of V. CONCLUSIONS
Lenoskyet al.[30] (dashed ling

[\ ' ' may expect that this assumption becomes progressively

The proton-proton pair distribution function is an impor-
lations, we conclude that the agreement between both treatant quantity to describe properties of dense hydrogen fluids
ments is satisfactory in the low-density low-temperature reand plasma. Comparing with the WPMD simulations, we
gion. At lower temperatures, the WPMD simulation yields conclude that the dissociation model yields relevant results
somewhat stronger structures in the correlation function andp to mass densities of about 1 g ¢ depending also on
a larger next-neighbor distance than the dissociation modetemperature. At higher densities, the dissociation model has
This may be attributed to the increasing contribution of ex-to be improved by including further medium effects as well
cited states in the dissociation model according to @&§) as ionization.
which are modified due to density effects. On the other hand, the dissociation model yields a bench

PIMC simulation data are at present available only formark for the simulations such as WPMD, PIMC, or TBMD
temperature$=5000 K[27,2§. At that lowest temperature, in the low-density low-temperature limit. The different re-
they yield a more pronounced structure in the pair distribu-sults obtained up to now from the various simulation meth-
tion function and a shift towards smaller bond lengths. Itods for the proton-proton pair distribution function in this
should be noted in this context that this PIMC simulationregime are a challenge to improve the numerical accuracy
involves a high-temperature approximation insofar as thend to increase the number of particles to get a better esti-
nodes of the density matrix are taken from free particles. Onenate of the quantum effects inherent in the system.
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